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Definition

A field F is formally real if -1 is not a sum of 
squares in F.

Theorem (Artin- Schreier theory)

If F is formally real, then there exists a 
linear ordering on F.

Examples



Definition

A ring R is formally real if:

Example

1. A linearly ordered ring is formally real.

2. If the ring R is a field, the condition of 
being formally real is equivalent to the 
previous one.

3. A formally real (non- trivial) ring has 
characteristic zero.



Theorem (Artin- Schreier theory)

If F is formally real, then there exists a 
linear ordering on F.

Proof

Consider the set of positive cones on F. It is 
inductively ordered by inclusion. 

Since F is formally real, that set is non-
empty (sums of squares form a positive 
cone). By Zorn, it admits a maximal element.

A maximal positive cone induces a linear 
ordering. 



Formal definitions

1. Being formally real

2. The set of positive cones



Implementation of other approaches



In Mathlib

1. The notion of positive cone is formalized 
differently



In Mathlib

2. Positivity of squares in linearly ordered 
semirings?

We prove that 
linearly ordered 
rings are 
formally real.



The final definition


