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Simple and semisimple Lie Algebras

1.1 Simple Lie Algebras

Definition 1.1.1.
We call a Lie Algebra g simple if:
(i) g is non-abelian, and
(ii) the only ideals of g are {0} or g itself.

1.2 Semisimple Lie Algebras

Definition 1.2.1.
We call a Lie Algebra g semisimple if:
(i) All abelian ideals of g are {0} ⇐⇒(ii) the radical r of g being {0}.

Example 1.2.2. :
(i) sln(V ) is semisimple.
(ii) sl2(V ) is semisimple.
(iii) so2n+1(V ) is semisimple.
(iv) so2n(V ) is semisimple.
(v) sp2n(V ) is semisimple.
(vi) gln(V ) is not semisimple.

We will continue with sl2(V ), sln(V ), and gln(V ) in Chapter 1.4.
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1.3 Cartan’s Criterion

Lemma 1.3.1. Let A, B ⊆ gln(V ) with dim(V ) < ∞. Define M = {x ∈ gln(V ) | [x, B] ⊆
A}. Now suppose for x ∈ M : Tr(xy) = 0 for all y ∈ M =⇒ x is nilpotent.

Proof. Proof in Humphreys, Lemma 4.3 Cartan’s Criterion (Page 19).

Theorem 1.3.2 (Cartan’s Criterion). Let L be a subalgebra of gln(V ) with dim(V ) < ∞.
Suppose Tr(xy) = 0 for all x ∈ [L, L] and for all y ∈ L =⇒ L is solvable.

Proof. Now we need to prove that [L, L] is nilpotent, which means that all x ∈ [L, L]
are nilpotent elements. We apply Lemma 1.3.1 on V, any vector space, with A = [L, L],
B = L:

M = {x ∈ gln(F) | [x, L] ⊆ [L, L]} ⊇ L,

=⇒ L/[L, L] is abelian.

We need to show: x ∈ [L, L] =⇒ Tr(xy) = 0 for all y ∈ L =⇒ x is nilpotent.
Suppose [x, y] is the generator of [L, L], z ∈ M :

=⇒ Tr([x, y]z) = Tr(x[y, z]) = Tr([y, z]x) = 0,

the last equation holds because [y, z] ∈ [L, L] =⇒ x is nilpotent.

Corollary 1.3.3. Let L be a Lie algebra with Tr(ad(x), ad(y)) = 0 for all x ∈ [L, L] and
for all y ∈ L =⇒ L is solvable.

Proof. This corollary follows directly by applying Theorem 1.3.2 (Cartan’s Criterion) and
Proposition 3.1 in Humphreys (Page 11).
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1.4 Killing Form

Definition 1.4.1 (Killing Form).
Let L be a Lie Algebra and x, y ∈ L. We define the Killing form KL as:

KL = Tr(adx ady)

Then KL is a bilinear form on our Lie Algebra L, called the Killing form.

Remark 1.4.2.
(i) KL is associative, meaning that ∀x, y, z ∈ L: KL([x, y], z) = KL(x, [y, z]).

We can instantly see that from the properties of the trace (i.e., Tr([x, y], z) = Tr(x, [y, z])).

(ii) KL is skew-symmetric, which holds the following property ∀x, y ∈ L: KL(x, y) =
−KL(y, x).

Lemma 1.4.3.
Let I ⊆ L be an ideal of our Lie Algebra, KL the Killing form over L, and KI the Killing
form of I. Then:

=⇒ KI = KL|I

Proof.
If Φ : V → W is a linear map, then TrV (Φ) = TrW (Φ|W ). Let x ∈ I, so adx(L) ⊆ I. In
matrix notation we get:

adx =
0 0

∗ adx|I


For x, y ∈ I, we have:

=⇒ adx ◦ ady =
0 0

∗ adx|I

 0 0
∗ ady|I

 =
0 0

∗ adx|I ◦ ady|I



=⇒ KL|I = Tr(adx ◦ ady|I) = Tr(adx|I ◦ ady|I) = KI
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1.4.1 Criterion for Semisimplicity

Theorem 1.4.1 (Cartan-Killing Criterion). A Lie Algebra L is called semisimple ⇐⇒
K(X, Y ) is nondegenerate.

Proof.
First, we have to prove that if Rad(L) = 0 =⇒ Rad(KL) = 0, where Rad(KL) = {x ∈ L |
KL(x, y) = 0 ∀y ∈ L}. For this, we need to assume that Rad(KL) is an ideal of L, meaning
∀x ∈ L and y ∈ Rad(KL) =⇒ [x, y] ∈ Rad(KL). Let’s take any z ∈ L:

KL([x, y], z) = KL(x, [y, z])

Since y ∈ Rad(KL), keep in mind that KL(y, [z, x]) = 0. We continue the computation:

KL([x, y], z) = KL(x, [y, z]) = KL([y, z], x) = KL(y, [z, x]) = 0

=⇒ [x, y] ∈ Rad(KL), meaning Rad(KL) is an ideal of L.
We can extend the statement to adL(Rad(KL)) being a solvable ideal in adL(L) using
Theorem 1.3.2 (Cartan’s Criterion). We get:

Tr(adx, ady) = KL = 0 ∀x ∈ Rad(KL) ⊇ [Rad(KL), Rad(KL)]

∀y ∈ L ⊇ Rad(KL)

z(Rad(KL)) = {z ∈ Rad(KL) | ∀x ∈ Rad(KL) : [x, z] = 0} is abelian and solvable. Since:

adL(Rad(KL)) ∼= Rad(KL)/z(Rad(KL))

we conclude that Rad(KL) is solvable.
As Rad(KL) ⊆ Rad(L) =⇒ Rad(KL) = 0, this means that KL is nondegenerate.
The second statement we need to show is that if Rad(KL) = 0 =⇒ Rad(L) = 0.
Let’s assume L is not a semisimple Lie Algebra, so there exists an abelian ideal I ⊆ L:

=⇒ (adx ady)2 = 0, x ∈ L, y ∈ I

=⇒ (adx ady) is nilpotent

=⇒ KL = Tr(adx ady) = 0 ∀x ∈ L, y ∈ I

=⇒ 0 ̸= I ⊆ Rad(KL)

=⇒ KL is degenerate
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1.4.2 Example on sln(F)

Remark 1.4.1 (continuation of Example 1.2.2).
sln(F) is a semisimple Lie Algebra.

Proof.
In the first part of the proof, we focus on showing that ksln(x, y) = 2nTr(xy) for all
x, y ∈ sln(F), which will be helpful to demonstrate that the Killing form is nondegenerate:
If we examine the Killing form over gln(F) with the basis {Eij}, we obtain:

adEij adEkl(Egh) = [Eij, EklEgh − EghEkl]

= [Eij, δlgEkh − δhkEgl]

= Eij(δlgEkh − δhkEgl) − (δlgEkh − δhkEgl)Eij

= δlgEijEkh − δhkEijEgl − δlgEkhEij − δhkEglEij

= δlgδjkEih − δhkδjgEil − δlgδhiEkj − δhkδliEgj

Now, we focus on the (g, h) coordinate of the vector ad(Eij ad(Ekl)(Egh)) in the basis of
(Eαβ)1≤α,β≤n:

agh = δgiδlgδjk − δigδlhδhkδjg − δkgδjhδlgδhi − δjhδgkδli

=⇒ kgln(Eij, Ekl) =
n∑

g=1
agg

=
n∑

g=1
(δgiδlgδjk − δigδlgδgkδjg − δkgδjgδlgδgi − δjgδgkδli)

= nδilδjk − δklδij − δijδkl + nδjkδil

= 2nδilδjk + 2δijδkl

= 2nTr(EijEkl) − 2Tr(Eij)Tr(Ekl)

Using Lemma 1.4.3, Tr(x) = 0 for all x ∈ sln(F), the bilinearity of the Killing form, and
the fact that sln is an ideal of gln, we get:
=⇒ ksln = kgln|sln =⇒ ksln(x, y) = 2nTr(xy) − 2Tr(x)Tr(y) = 2nTr(xy)

It remains to show that ksln is nondegenerate, so we can use Theorem 1.4.1: Let’s as-
sume we have a nonzero x ∈ sln(F) such that ksln(x, y) = 2nTr(xy) = 0 for all y ∈ sln(F).
Considering y = x, since x ̸= 0 =⇒ x2 ̸= 0 =⇒ ksln(x, x) = 2nTr(x2) ̸= 0, which is a
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contradiction.

1.4.3 Example on gln(F)

Remark 1.4.1 (continuation of Example 1.2.2).
gln(F) is not a semisimple Lie Algebra.

Proof. From the previous remark, we know that kgln(x, y) = 2nTr(xy) − 2Tr(x)Tr(y).
Let’s use x = λI for all y ∈ gln, which implies Tr(x) = nλ and xy = yx = λy.

=⇒ kgln(λI, y) = 2nTr(λy) − 2Tr(λI)Tr(y) = 2nλTr(y) − 2nλTr(y) = 0

=⇒ kgln is degenerate.

1.5 Simple Ideals of a Semisimple Lie Algebra

Definition 1.5.1 (Direct Sum).
A Lie Algebra L is a direct sum of ideals I1, I2, ..., In if:

L = I1 ⊕ I2 ⊕ . . . ⊕ In

This means that each x ∈ L can be uniquely represented as x = x1 + x2 + . . . + xn with
xj ∈ Ij, and Ij ∩ Ik = {0} for all j ̸= k.

Theorem 1.5.2.
If L is a semisimple Lie Algebra, then there exist ideals L1, L2, ..., Ln ⊆ L such that:

(i) Each Li is simple,

(ii)L = L1 ⊕ L2 ⊕ . . . ⊕ Ln.

Proof.
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