
Representations of14
Recall & a Lie algebra ,

Vr
. space

Def: 1) A g module structure is given by a linear map :

# :

2 - End (V)
, satisfying : iT((X

,YJ) = π(x) (y) - T(y(π(x)

(V
,
it) is called -module

2) g-module irreducible : ) only -invariant subspaces are V and (0)

sl
,
(1) : - Special linear Lie algebra

- 2x2-matrices with trace O and complex entries

Basis :

H = (8
-

4) + = (02) y = (2)

Bracked relations :

[H
, x] = 2x [1

.
y] = 2Y[x

,y] = H

RK :

X
. Y nilpotent

· H .= h Cartan subalgebra (abelian
,
elements semisimple (





Submodules generated by primitive elements

V se-module
,

2eV prim .
all

.
of weight i

Action of 1
,

X
, Y on Vy's :

X X

J Y S Y
J

Vx- 4
E v E v

1- 2 *

⑪ ⑭ ⑰

Observation : Y can
,

more "primell . e Through all V's = &e
,

Y2
,

Ye, ...
3 spans

V

We define a sequence ,

which will help us prove this

en= Yen (e
,

+ 0)

Consider action of sld
. basis :

(1) Hen= (x-In) In

121 Yen= (n+)en+1 - lowering weight

(3) Xen=(x-n + 1) en .
- raising weight

proof : III ec Vi = en Ein

n + 7 (ny)
(2) Yen = Y Ye = Y em + !

= (n + 13n+

(3) Induction of n

il n = 0 : 2
,

= 0

- ↳ n o n +1 : (n +)X =
m

= X Yan = [X
,
y]en + Ykm = 12 + y((x - n + 1)2n - )

- ( - (n)2 + n() - n +1)2 = (n + 11(x- m) 2T

-
=

=> Xen
+

= (x - n) 2

=> Xen = (x - n + 1) en
- 1

I



Cor : X = mEIN
,

e
,, ... Im lin indep .

and e
.

= 0 Vism

proof : Min
. indep ,

due to distina weights
V is Sindim = JmcIN 36 . Vam + (0) and Vime = (0) - e

:
= 0 Vic m

(3) = X2m+ = 0 = (x -m) em = x = m

I

Let WSV with Bu = der
....,
em3

Cor: : ) W is stable under se

ii) W is an irreducible sta-module

proof : i) Formulas show : H(W) - W

X(W) < W

YIWIS W

ii) Let W's W

(1) = e
.
Val .

of 16 in Ware m
,

m-z, ...,
m with mullip. 1

WSWE BrE Br is basis for W = e :
10sism) oW

()
,

13) permit raising and lowering weight = 500 ..... im3 SW

=> W = W
,
Wirredusible

T



Classifying Wa-modules

Let Wa be a v. Space ,
B = 200

, ...,
2m3 = dim Nm = m +

and endomorphisms : h
, x

, y on Wm
,

S
.
J .

:

· ho= Im-Eulen
,

Yi=in+1)en+
,

Xin=1m-n + 11 2n - 1

· uxen-xhen-exen
,
hyen-yhen-dyen

,
Xyen-yXen=him

=> n
,

X
, y induce a se-module structure on Wm

Theorem : L) V be an irred
. Se-module

,
dim V= m+ 1

i) Wm is irreducible

ii) V & Wm

proof : i) follows from lass Cor
.

and Wm is generated by images of to with weight m

ii) . Vantains prim .

elt. v of weight w

· WEIN and WSV generated by V has dimW' = w +1

· Virred => W' = V and W = M

Applying formular shows = V= Wm
#

Structure of the modules

Le V be a -module of dimV <0

Thrm : V = Wm

proof : Weyl's theorem :

every
fin

.
dim linear repr. of Semi-simple Lie algabra is

completely reducible

So Vis isomorphic do a sum of irred .
Modules Vi

=> each V: = Wm
;

for some mi

=> V = V = Wm






