
REAL ALGEBRAIC VARIETIES

HEIDELBERG UNIVERSITY, WINTER SEMESTER 2022-2023

Target audience: Master students and advanced Bachelor students.
Instructor: Florent Schaffhauser.
Language of instruction: English.

Objectives

The purpose of this course is to introduce the notion of algebraic variety over a non-
necessarily algebraically closed field, and study the basic properties of such objects. We
will use a geometric approach and emphasise the most intuitively accessible examples of
algebraic varieties, namely real algebraic curves and surfaces.

Concepts such as dimension and the tangent space will be introduced from the algebraic
point of view and later related to their differential-geometric counterparts, in order to study
the topological properties of real algebraic curves and surfaces, in their Hausdorff topology.

Along the way, we will also present a certain number of classical results from algebraic
geometry, such as Bézout’s theorem or the existence of 27 lines on a smooth cubic surface
in 3-dimensional projective space.

Contents

(1) Affine algebraic sets
(2) Local theory
(3) Gluing
(4) Projective varieties
(5) Nullstellensätze
(6) Fields of definition
(7) Hausdorff topology
(8) Complex algebraic curves
(9) Real algebraic curves

(10) Projectivization and Bézout’s theorem
(11) Surfaces and lines on surfaces
(12) Introduction to problems in enumerative geometry

As a complement to the material presented in the course, students are encouraged to
follow the on Seminar on sheaf theory that will be run in Heidelberg during the Winter
Semester 2022-2023.

Pre-requisites

• Polynomial rings and field extensions, notion of Galois group.
• Basic theory of commutative rings and their ideals.
• Concepts from point-set topology.
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Towards the end of the course, we may use freely certain fundamental results on the
classification of compact differentiable surfaces. However, these should not be regarded as
a pre-requisite for the course, which is primarily intended as an introduction to the study
of real algebraic varieties and the study of their Hausdorff topology.

No previous knowledge of algebraic geometry will be required for this course, and
we will use only a minimal amount of commutative algebra. Instead, we will focus on
geometric aspects of algebraic varieties. If you are interested in scheme theory and how
schemes relate to varieties, you could benefit from following, simultaneously with this
course, the Algebraic Geometry 1 course taught by Dr Denis Vogel.

Evaluation

Depending on the number of students, the exam may be either written or oral (this will
be announced within the first month of the course). To be admitted to the exam, you will
need to collect at least 50% of the points from the graded problem sets (there will be a
problem set every week, but it will be graded only every other week). The first question of
the exam (whether written or oral) will be extracted from one of the non-graded problem
sets, so you are encouraged not to neglect those.

Textbooks and supplementary reading

For complex varieties, we will mostly follow the standard texts [Hul03] (or the original
German version [Hul00]) and [Per08], while for real varieties, we will draw from [BR90]
and [BCR98], as well as, occasionally, from [Sha74].

If you want to follow up naturally on the geometric point of view adopted in this course,
we recommend the books [Mum76] and [Mum99], while readers more interested in arith-
metic aspects could probably benefit more directly from [Liu02].
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