
VECTOR BUNDLES ON ALGEBRAIC CURVES

HEIDELBERG UNIVERSITY, SUMMER SEMESTER 2023

Target audience: Master students and PhD candidates.
Instructor: Florent Schaffhauser.
Language of instruction: English.
Schedule:

• Lectures: Monday-Thursday, 11:00-13:00.
• Exercises: Thursday: 16:00-18:00.

Objectives

The purpose of this course is to give an introduction to moduli theory, through the study
of vector bundles on (complex, smooth, projective) algebraic curves.

The fist part of the course will be devoted to learning the basis of Geometric Invariant
Theory, used to construct quotients of algebraic varieties for actions of reductive groups.
In the second part, we will apply this to the study vector bundles on algebraic curves and
construct Moduli Spaces of Semistable Vector Bundles, following Le Potier’s exposition
of Simpson’s method in [LP97].

Contents

• Part 1: Geometric Invariant Theory.
(1) Actions of algebraic groups.
(2) Invariant functions (Hilbert’s 14th problem).
(3) The construction of quotient varieties.
(4) Projective quotients.
(5) The Hilbert-Mumford criterion.

• Part 2: Moduli Spaces of Semistable Vector Bundles.
(1) Vector bundles on algebraic curves. Stability and semi-stability.
(2) The Harder-Narasimhan filtration. Jordan-Hölder filtrations and polystable

bundles.
(3) Bounded families and the construction of the moduli space.
(4) Optional: Topological properties of moduli spaces of vector bundles.
(5) Optional: The stacky point of view.

Pre-requisites

• Algebraic varieties (over algebraically closed fields).
• Sheaves.
• Optional: Algebraic curves and the Riemann-Roch formula.

Depending on the needs of the audience, a review of the optional pre-requisites might
be conducted upon request at the beginning of the course.
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Evaluation

Depending on the number of students, the exam may be either written or oral (this will
be announced within the first month of the course). To be admitted to the exam, students
will need to collect at least 50% of the points from the graded problem sets.

Textbooks and supplementary reading

For the first part (Geometric Invariant Theory), we will follow [Muk03] and [Sch08].
For the second part (Moduli spaces of Vector Bundles on Curves), we will mostly follow
[LP97].
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