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Definition 2.6

• A line segment is an unordered pair of points a b

• Notation: 𝑎𝑏 or 𝑏𝑎
• 𝑎 and 𝑏 are endpoints
• 𝑎𝑏 is called the connecting segment of points 𝑎 and 𝑏
• a=b the line segment is a zero segment
• All other segments are called non-degenerate segments
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Definition 2.10

• We can now shorten 𝐴5 to:

AFS
a 𝑏 𝑐 𝑑
a′ 𝑏′ 𝑐′ 𝑑′

∧ a ≠ b → cd ≡ c′d′
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Case 1: a = b

• Babc ∧ Ba′b′c′ ∧ ab ≡ a′b′ ∧ bc ≡ b′c′

a = b
𝐴3

a′ = b′

a = b ∧ a′ = b′ → ac ≡ a′c′



Case 2: a ≠ b

• AFS
a b c a
a′ b′ c′ a′

𝐴5
ac ≡ a′c′

∎



Definition 3.8

• the arrangement of 𝑛 points 𝑎1, … , 𝑎𝑛on a line can be described by 
a generalized intermediate relation 𝑩𝒏

• 𝐵𝑛 𝑎1 𝑎2 … 𝑎𝑛 𝑖<𝑗<𝑘≤𝑛𝐵≥1ٿ 𝑎𝑖 𝑎𝑗 𝑎𝑘 ; (𝑛 ≥ 3)



Theorem 3.14

• ∃c[Babc ∧ b ≠ c]



Theorem 3.14

• ∃c[Babc ∧ b ≠ c]

• Proof:
-Let u, v be two different points (as in 3.13)
-Let c be a point with Babc ∧ bc ≡ uv (A4)
-c satisfies the condition (by A3)
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Definition 4.1

• The points a, b, c, d, a′, b′, c′, d′ form a Inner-Five-Segment-
Configuration

• IFS
a b c d
a′ b′ c′ d′

: Babc ∧ Ba′b′c′ ∧ ac ≡ a′c′ ∧ bc ≡ b′c′ ∧

ad ≡ a′d′ ∧ cd ≡ c′d′



Theorem 4.2

• IFS
a b c d
a′ b′ c′ d′

→ bd ≡ b′d′



Case 1: a ≠ c

• Let e be as in 3.14, with Bace ∧ c ≠ e



Case 1: a ≠ c

• Let e be as in 3.14, with Bace ∧ c ≠ e

• Let e′ be as in 𝐴4 , with Ba′c′e′ ∧ c′e′ ≡ ce



Case 1: a ≠ c



Case 1: a ≠ c

AFS
a c e d
a′ c′ e′ d′

𝐴5
ed ≡ e′d′



Case 1: a ≠ c

Theorem 3.6 provides Babc ∧ Bace → Bbce

AFS
e c b d
e′ c′ b′ d′

𝐴5
bd ≡ b′d′ ∎



Case 2: a = c

• IFS
a 𝑏 𝑐 𝑑
a′ 𝑏′ 𝑐′ 𝑑′

: Babc ∧ Ba′b′c′ ∧ ac ≡ a′𝑐′ ∧ ad ≡ a′d′ ∧

cd ≡ c′d′
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Case 2: a = c

• IFS
a b c d
a′ b′ c′ d′

: Babc ∧ Ba′b′c′ ∧ ac ≡ a′c′ ∧ ad ≡ a′d′ ∧

cd ≡ c′d′

• a = c
𝐴3

a′ = c′

• a = c ∧ a′= c′
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b = c ∧ b′ = c′



Case 2: a = c

• IFS
a b c d
a′ b′ c′ d′

: Babc ∧ Ba′b′c′ ∧ ac ≡ a′c′ ∧ ad ≡ a′d′ ∧

cd ≡ c′d′

• a = c
𝐴3

a′ = c′

• a = c ∧ a′= c′
𝐴6

b = c ∧ b′ = c′

→ bd ≡ b′d′



Definition 4.4

• The n-tuples 𝑎1 … 𝑎𝑛 and 𝑏1 … 𝑏𝑛 of points are considered 
conruent if :

• 𝑎1…𝑎𝑛 ≡ 𝑏1…𝑏𝑛 ∶ 𝑖<𝑗≤𝑛≥1ٿ 𝑎𝑖 𝑎𝑗 = 𝑏𝑖𝑏𝑗 .



Definition 4.10

• The points a, b, c are collinear:
Colabc : 𝐵abc ∨ 𝐵bca ∨ 𝐵cab



Definition 4.15

• The points a, b, c, d, a′, b′, c′, d′ form a Five-Segment-Configuration

• FS
a 𝑏 𝑐 𝑑
a′ 𝑏′ 𝑐′ 𝑑′

: 𝐂𝐨𝐥abc ∧ (abc) ≡ (a′b′c′) ∧ ad ≡ a′d′ ∧

bd ≡ b′d′



Theorem 4.16

• FS
a b c d
a′ b′ c′ d′

∧ a ≠ b → cd ≡ c′d′



Theorem 4.16

• FS
a b c d
a′ b′ c′ d′

∧ a ≠ b → cd ≡ c′d′

• Proof:

This follows immediately from Axiom 5 and Theorem 4.2   
∎



Definition 5.4

• ab ≤ 𝑐𝑑 ∶ ∃s 𝐵𝑐s𝑑 ∧ 𝑎𝑏 ≡ 𝑐s



Definition 5.4

• ab ≤ 𝑐𝑑 ∶ ∃s 𝐵csd ∧ ab ≡ cs



Definition 5.4

• ab ≤ 𝑐𝑑 ∶ ∃s 𝐵csd ∧ ab ≡ cs

• cd ≥ ab ∶ ab ≤ cd



Definition 5.14

• ab < cd: ab ≤ cd ∧ ¬ab ≡ cd

• cd > ab ∶ ab < cd



Theorem 5.1

• a ≠ b ∧ 𝐵abc ∧ 𝐵abd → 𝐵acd ∨ 𝐵adc



Theorem 5.1

• a ≠ b ∧ 𝐵abc ∧ 𝐵abd → 𝐵acd ∨ 𝐵adc



Theorem 5.1

• a ≠ b ∧ 𝐵abc ∧ 𝐵abd → 𝐵acd ∨ 𝐵adc

• ac ≤ ad → Bacd

• ad ≤ ac → Badc
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