
Tarski’s Axioms
Chapter 1



outline

• points, betweenness and congruence

• axioms A1-A11

• cartesian space



points, betweenness, 
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points betweenness congruence

only primitive object



points betweenness congruence

𝑎 ≠ 𝑏 ∧ 𝐵𝑎𝑏𝑐 ∧ 𝐵𝑎′𝑏′𝑐′ ∧ 𝑎𝑏 ≡ 𝑎′𝑏′ ∧ 𝑏𝑐 ≡ 𝑏′𝑐′ ∧ 𝑎𝑑 ≡ 𝑎′𝑑′ ∧ 𝑏𝑑 ≡ 𝑏′𝑑′ → 𝑐𝑑 ≡ 𝑐′𝑑′

???



points betweenness congruence

only primitive object

characterized by lower-case letters



points betweenness congruence

triadic relation 

𝐵𝑎𝑏𝑐



points betweenness congruence

b lies between a and c

𝐵𝑎𝑏𝑐

triadic relation



points betweenness congruence

 “equidistance”

tetradic relation

𝑎𝑏 ≡ 𝑐𝑑



points betweenness congruence

 “equidistance”

tetradic relation

the distance between a and b is equal to the distance between c and d

𝑎𝑏 ≡ 𝑐𝑑
ab is congruent to cd



Axioms



A1

𝑎𝑏 ≡ 𝑏𝑎

Reflexivity of 
congruence



A1

𝑎𝑏 ≡ 𝑏𝑎

Reflexivity of 
congruence

∀𝑎, 𝑏 ∈ 𝑆: ( )



A1

𝑎𝑏 ≡ 𝑏𝑎

Reflexivity of 
congruence

∀𝑎, 𝑏 ∈ 𝑆: ( )



A1

𝑎𝑏 ≡ 𝑏𝑎
ab is congruent to ba

Reflexivity of 
congruence



A1

𝑎𝑏 ≡ 𝑏𝑎
ab is congruent to ba

Reflexivity of 
congruence



A2

𝑎𝑏 ≡ 𝑝𝑞 ∧ 𝑎𝑏 ≡ 𝑟𝑠 → 𝑝𝑞 ≡ 𝑟𝑠

Transitivity of 
congruence



A2

𝑎𝑏 ≡ 𝑝𝑞 ∧ 𝑎𝑏 ≡ 𝑟𝑠 → 𝑝𝑞 ≡ 𝑟𝑠
If ab is congruent to pq and ab is congruent to rs, then pq must be 

congruent to rs

Transitivity of 
congruence



𝑎𝑏 ≡ 𝑐𝑐 →  𝑎 = 𝑏

A3 Identity of 
congruence



A3

𝑎𝑏 ≡ 𝑐𝑐 →  𝑎 = 𝑏
If ab is congruent to cc, then a must be equal to b

Identity of 
congruence



A4

∃𝑥 𝐵𝑞𝑎𝑥 ∧ 𝑎𝑥 ≡ 𝑏𝑐

Segment 
construction
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∃𝑥 𝐵𝑞𝑎𝑥 ∧ 𝑎𝑥 ≡ 𝑏𝑐

Segment 
construction



A5
𝑎 ≠ 𝑏 ∧ 𝐵𝑎𝑏𝑐 ∧ 𝐵𝑎′𝑏′𝑐′ ∧ 𝑎𝑏 ≡ 𝑎′𝑏′ ∧ 𝑏𝑐 ≡ 𝑏′𝑐′ ∧ 𝑎𝑑 ≡ 𝑎′𝑑′ ∧ 𝑏𝑑 ≡ 𝑏′𝑑′ → 𝑐𝑑 ≡ 𝑐′𝑑′

Five segment 
axiom
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A6

𝐵𝑎𝑏𝑎 → 𝑎 = 𝑏

Identity of 
betweenness



A6

𝐵𝑎𝑏𝑎 → 𝑎 = 𝑏
If b is between a and a, then a must be equal to b.

Identity of 
betweenness



A7
𝐵𝑎𝑝𝑐 ∧ 𝐵𝑏𝑞𝑐 → ∃𝑥 𝐵𝑝𝑥𝑏 ∧ 𝐵𝑞x𝑎

Axiom of 
Pasch



A7
𝐵𝑎𝑝𝑐 ∧ 𝐵𝑏𝑞𝑐 → ∃𝑥 𝐵𝑝𝑥𝑏 ∧ 𝐵𝑞x𝑎

Axiom of 
Pasch



A7
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Axiom of 
Pasch



A7
𝐵𝑎𝑝𝑐 ∧ 𝐵𝑏𝑞𝑐 → ∃𝑥 𝐵𝑝𝑥𝑏 ∧ 𝐵𝑞x𝑎

Axiom of 
Pasch

If a line intersects one side of a triangle internally, then it intersects 
precisely one other side internally and the third side externally, if it 

does not pass through any corner.
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Pasch
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A8

∃𝑎∃𝑏∃𝑐 ¬𝐵𝑎𝑏𝑐 ∧ ¬𝐵𝑏𝑐𝑎 ∧ ¬𝐵𝑐𝑎𝑏

Lower dimension 
axiom



A8

∃𝑎∃𝑏∃𝑐 ¬𝐵𝑎𝑏𝑐 ∧ ¬𝐵𝑏𝑐𝑎 ∧ ¬𝐵𝑐𝑎𝑏

Lower dimension 
axiom

There exist points a b c that are not “colinear”



A8

∃𝑎∃𝑏∃𝑐 ¬𝐵𝑎𝑏𝑐 ∧ ¬𝐵𝑏𝑐𝑎 ∧ ¬𝐵𝑐𝑎𝑏

Lower dimension 
axiom



A9

𝑝 ≠ 𝑞 ∧ 𝑎𝑝 ≡ 𝑎𝑞 ∧ 𝑏𝑝 ≡ 𝑏𝑞 ∧ 𝑐𝑝 ≡ 𝑐𝑞 → 𝐵𝑎𝑏𝑐 ∨ 𝐵𝑏𝑐𝑎 ∨ 𝐵𝑐𝑎𝑏

Upper dimension 
axiom



A9

𝑝 ≠ 𝑞 ∧ 𝑎𝑝 ≡ 𝑎𝑞 ∧ 𝑏𝑝 ≡ 𝑏𝑞 ∧ 𝑐𝑝 ≡ 𝑐𝑞 → 𝐵𝑎𝑏𝑐 ∨ 𝐵𝑏𝑐𝑎 ∨ 𝐵𝑐𝑎𝑏

Upper dimension 
axiom

“all 3 points lie on a line”
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𝑝 ≠ 𝑞 ∧ 𝑎𝑝 ≡ 𝑎𝑞 ∧ 𝑏𝑝 ≡ 𝑏𝑞 ∧ 𝑐𝑝 ≡ 𝑐𝑞 → 𝐵𝑎𝑏𝑐 ∨ 𝐵𝑏𝑐𝑎 ∨ 𝐵𝑐𝑎𝑏

Upper dimension 
axiom
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Upper dimension 
axiom



A10

𝐵𝑎𝑑𝑡 ∧ 𝐵𝑏𝑑𝑐 ∧ 𝑎 ≠ 𝑏 → ∃𝑥∃𝑦 𝐵𝑎𝑏𝑥 ∧ 𝐵𝑎𝑐𝑦 ∧ 𝐵𝑥𝑡𝑦

Axiom of 
Euclid
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Axiom of 
Euclid

Equivalent to Euclid’s 
parallel postulate
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parallel postulate



A11

∀𝑋∀𝑌{∃𝑎∀𝑥∀𝑦 𝑥 ∈ 𝑋 ∧ 𝑦 ∈ 𝑌 → 𝐵𝑎𝑥𝑦 → ∃𝑏∀𝑥∀𝑦 𝑥 ∈ 𝑋 ∧ 𝑦 ∈ 𝑌 → 𝐵𝑥𝑏𝑦 }

Axiom of 
continuity



A11

∀𝑋∀𝑌{∃𝑎∀𝑥∀𝑦 𝑥 ∈ 𝑋 ∧ 𝑦 ∈ 𝑌 → 𝐵𝑎𝑥𝑦 → ∃𝑏∀𝑥∀𝑦 𝑥 ∈ 𝑋 ∧ 𝑦 ∈ 𝑌 → 𝐵𝑥𝑏𝑦 }

Axiom of 
continuity



A11

∀𝑋∀𝑌{∃𝑎∀𝑥∀𝑦 𝑥 ∈ 𝑋 ∧ 𝑦 ∈ 𝑌 → 𝐵𝑎𝑥𝑦 → ∃𝑏∀𝑥∀𝑦 𝑥 ∈ 𝑋 ∧ 𝑦 ∈ 𝑌 → 𝐵𝑥𝑏𝑦 }

Axiom of 
continuity



A11

∀𝑋∀𝑌{∃𝑎∀𝑥∀𝑦 𝑥 ∈ 𝑋 ∧ 𝑦 ∈ 𝑌 → 𝐵𝑎𝑥𝑦 → ∃𝑏∀𝑥∀𝑦 𝑥 ∈ 𝑋 ∧ 𝑦 ∈ 𝑌 → 𝐵𝑥𝑏𝑦 }

Axiom of 
continuity



A11’

∃𝑎∀x∀y 𝛼(𝑥) ∧ 𝛽(𝑦) → 𝐵𝑎𝑥𝑦 → ∃𝑏∀𝑥∀𝑦 𝛼(𝑥) ∧ 𝛽(𝑦) → 𝐵𝑥𝑏𝑦

Axiom schema 
of continuity

𝛼 𝑥 𝑥 ∈ 𝑋

𝛽 𝑦 𝑦 ∈ 𝑌
formulas using B and ≡



definition 1.4:
cartesian space

ordered field F = < 𝐹, +,∙, ≤>



definition 1.4:
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ordered field F = < 𝐹, +,∙, ≤>

n-dimensional cartesian space L𝑛(F ) = < 𝐹𝑛, 𝐷𝑛, 𝐵𝑛 >
F F
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n-dimensional cartesian space L𝑛(F ) = < 𝐹𝑛, 𝐷𝑛, 𝐵𝑛 >
F F

𝑎 = 𝑎1, 𝑎2, . . . , 𝑎𝑛



definition 1.4:
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ordered field F = < 𝐹, +,∙, ≤>

n-dimensional cartesian space L𝑛(F ) = < 𝐹𝑛, 𝐷𝑛, 𝐵𝑛 >

𝐷𝑛𝑥𝑦𝑢𝑣  σi=1
n 𝑥𝑖 − 𝑦𝑖

2 = σi=1
n 𝑢𝑖 − 𝑣𝑖

2 

F F

F
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n-dimensional cartesian space L𝑛(F ) = < 𝐹𝑛, 𝐷𝑛, 𝐵𝑛 >

𝐷𝑛𝑥𝑦𝑢𝑣  σi=1
n 𝑥𝑖 − 𝑦𝑖

2 = σi=1
n 𝑢𝑖 − 𝑣𝑖

2 

𝐵𝑛𝑥𝑦𝑧  ∃𝜆 ∈ 𝐹: 0 ≤ 𝜆 ≤ 1 ∧ 𝑦 − 𝑥 = 𝜆 𝑧 − 𝑥

F F

F

F



definition 1.4:
cartesian space

ordered field F = < 𝐹, +,∙, ≤>

n-dimensional cartesian space L𝑛(F ) = < 𝐹𝑛, 𝐷𝑛, 𝐵𝑛 >

𝐷𝑛𝑥𝑦𝑢𝑣  σi=1
n 𝑥𝑖 − 𝑦𝑖

2 = σi=1
n 𝑢𝑖 − 𝑣𝑖

2 

𝐵𝑛𝑥𝑦𝑧  ∃𝜆 ∈ 𝐹: 0 ≤ 𝜆 ≤ 1 ∧ 𝑦 − 𝑥 = 𝜆 𝑧 − 𝑥

F F

F

F

L𝑛(F) fulfills all axioms if:

n = 2
F = (ℝ, +,∙, ≤) 

Further reading: p.16-17
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  a ≠ b ∧ B a b c ∧ B a ′ b ′ c ′ ∧ a b ≡ a ′ b ′ ∧ b c ≡ b ′ c ′ ∧ a d ≡ a ′ d ′ ∧ b d ≡ b ′ d ′ → c d ≡ c ′ d ′


  B a b c


  B a b c


  ↔


  a b ≡ c d


  ↔


  a b ≡ c d


  a b ≡ b a


  a b ≡ b a


  ∀ a , b ∈ S :   (                                 )


  a b ≡ b a


  ∀ a , b ∈ S :   (                                 )


  a b ≡ b a


  a b ≡ b a


  a b ≡ p q ∧ a b ≡ r s → p q ≡ r s


  a b ≡ p q ∧ a b ≡ r s → p q ≡ r s


  a b ≡ c c


  →   a = b


  a b ≡ c c


  →   a = b


  ∃ x  ( B q a x ∧ a x ≡ b c )


  ∃ x  ( B q a x ∧ a x ≡ b c )


  a ≠ b ∧ B a b c ∧ B a ′ b ′ c ′ ∧ a b ≡ a ′ b ′ ∧ b c ≡ b ′ c ′ ∧ a d ≡ a ′ d ′ ∧ b d ≡ b ′ d ′ → c d ≡ c ′ d ′


  a ≠ b ∧ B a b c ∧ B a ′ b ′ c ′ ∧ a b ≡ a ′ b ′ ∧ b c ≡ b ′ c ′ ∧ a d ≡ a ′ d ′ ∧ b d ≡ b ′ d ′ → c d ≡ c ′ d ′


  a ≠ b ∧ B a b c ∧ B a ′ b ′ c ′ ∧ a b ≡ a ′ b ′ ∧ b c ≡ b ′ c ′ ∧ a d ≡ a ′ d ′ ∧ b d ≡ b ′ d ′ → c d ≡ c ′ d ′


  a ≠ b ∧ B a b c ∧ B a ′ b ′ c ′ ∧ a b ≡ a ′ b ′ ∧ b c ≡ b ′ c ′ ∧ a d ≡ a ′ d ′ ∧ b d ≡ b ′ d ′ → c d ≡ c ′ d ′


  a ≠ b ∧ B a b c ∧ B a ′ b ′ c ′ ∧ a b ≡ a ′ b ′ ∧ b c ≡ b ′ c ′ ∧ a d ≡ a ′ d ′ ∧ b d ≡ b ′ d ′ → c d ≡ c ′ d ′


  a ≠ b ∧ B a b c ∧ B a ′ b ′ c ′ ∧ a b ≡ a ′ b ′ ∧ b c ≡ b ′ c ′ ∧ a d ≡ a ′ d ′ ∧ b d ≡ b ′ d ′ → c d ≡ c ′ d ′


  a ≠ b ∧ B a b c ∧ B a ′ b ′ c ′ ∧ a b ≡ a ′ b ′ ∧ b c ≡ b ′ c ′ ∧ a d ≡ a ′ d ′ ∧ b d ≡ b ′ d ′ → c d ≡ c ′ d ′


  a ≠ b ∧ B a b c ∧ B a ′ b ′ c ′ ∧ a b ≡ a ′ b ′ ∧ b c ≡ b ′ c ′ ∧ a d ≡ a ′ d ′ ∧ b d ≡ b ′ d ′ → c d ≡ c ′ d ′


  B a b a → a = b


  B a b a → a = b


  B a p c ∧ B b q c → ∃ x  ( B p x b ∧ B q x a )


  B a p c ∧ B b q c → ∃ x  ( B p x b ∧ B q x a )


  B a p c ∧ B b q c → ∃ x  ( B p x b ∧ B q x a )


  B a p c ∧ B b q c → ∃ x  ( B p x b ∧ B q x a )


  B a p c ∧ B b q c → ∃ x  ( B p x b ∧ B q x a )


  B a p c ∧ B b q c → ∃ x  ( B p x b ∧ B q x a )


  B a p c ∧ B b q c → ∃ x  ( B p x b ∧ B q x a )


  ∃ a ∃ b ∃ c  ( ¬ B a b c ∧ ¬ B b c a ∧ ¬ B c a b )


  ∃ a ∃ b ∃ c  ( ¬ B a b c ∧ ¬ B b c a ∧ ¬ B c a b )


  ∃ a ∃ b ∃ c  ( ¬ B a b c ∧ ¬ B b c a ∧ ¬ B c a b )


  p ≠ q ∧ a p ≡ a q ∧ b p ≡ b q ∧ c p ≡ c q → B a b c ∨ B b c a ∨ B c a b


  p ≠ q ∧ a p ≡ a q ∧ b p ≡ b q ∧ c p ≡ c q → B a b c ∨ B b c a ∨ B c a b


  p ≠ q ∧ a p ≡ a q ∧ b p ≡ b q ∧ c p ≡ c q → B a b c ∨ B b c a ∨ B c a b


  p ≠ q ∧ a p ≡ a q ∧ b p ≡ b q ∧ c p ≡ c q → B a b c ∨ B b c a ∨ B c a b


  p ≠ q ∧ a p ≡ a q ∧ b p ≡ b q ∧ c p ≡ c q → B a b c ∨ B b c a ∨ B c a b


  p ≠ q ∧ a p ≡ a q ∧ b p ≡ b q ∧ c p ≡ c q → B a b c ∨ B b c a ∨ B c a b


  B a d t ∧ B b d c ∧ a ≠ b → ∃ x ∃ y  ( B a b x ∧ B a c y ∧ B x t y )


  B a d t ∧ B b d c ∧ a ≠ b → ∃ x ∃ y  ( B a b x ∧ B a c y ∧ B x t y )


  B a d t ∧ B b d c ∧ a ≠ b → ∃ x ∃ y  ( B a b x ∧ B a c y ∧ B x t y )


  B a d t ∧ B b d c ∧ a ≠ b → ∃ x ∃ y  ( B a b x ∧ B a c y ∧ B x t y )


  B a d t ∧ B b d c ∧ a ≠ b → ∃ x ∃ y  ( B a b x ∧ B a c y ∧ B x t y )


  ∀ X ∀ Y { ∃ a ∀ x ∀ y  [ x ∈ X ∧ y ∈ Y → B a x y ] → ∃ b ∀ x ∀ y  [ x ∈ X ∧ y ∈ Y → B x b y ]


  ∀ X ∀ Y { ∃ a ∀ x ∀ y  [ x ∈ X ∧ y ∈ Y → B a x y ] → ∃ b ∀ x ∀ y  [ x ∈ X ∧ y ∈ Y → B x b y ]


  ∀ X ∀ Y { ∃ a ∀ x ∀ y  [ x ∈ X ∧ y ∈ Y → B a x y ] → ∃ b ∀ x ∀ y  [ x ∈ X ∧ y ∈ Y → B x b y ]


  ∀ X ∀ Y { ∃ a ∀ x ∀ y  [ x ∈ X ∧ y ∈ Y → B a x y ] → ∃ b ∀ x ∀ y  [ x ∈ X ∧ y ∈ Y → B x b y ]


  ∃ a ∀ x ∀ y  [ 𝛼 ( x ) ∧ 𝛽 ( y ) → B a x y ] → ∃ b ∀ x ∀ y  [ 𝛼 ( x ) ∧ 𝛽 ( y ) → B x b y ]


  𝛼  ( x ) ↔ x ∈ X


  𝛽  ( y ) ↔ y ∈ Y


  ≡


  < F , + , ∙ , ≤ >


  < F , + , ∙ , ≤ >


   ​  n ​


  <  F n ,  D n ,  B n >


  < F , + , ∙ , ≤ >


   ​  n ​


  <  F n ,  D n ,  B n >


  a =  (  a 1 ,  a 2 , . . . ,  a n )


  < F , + , ∙ , ≤ >


   ​  n ​


  <  F n ,  D n ,  B n >


   D n x y u v


  ↔     ∑  i = 1 n     (  x i −  y i ) 2


    ∑  i = 1 n     (  u i −  v i ) 2


  < F , + , ∙ , ≤ >


   ​  n ​


  <  F n ,  D n ,  B n >


   D n x y u v


  ↔     ∑  i = 1 n     (  x i −  y i ) 2


    ∑  i = 1 n     (  u i −  v i ) 2


   B n x y z


  ↔


  ∃ 𝜆 ∈ F : 0 ≤ 𝜆 ≤ 1 ∧ y − x = 𝜆  ( z − x )


  < F , + , ∙ , ≤ >


   ​  n ​


  <  F n ,  D n ,  B n >


   D n x y u v


  ↔     ∑  i = 1 n     (  x i −  y i ) 2


    ∑  i = 1 n     (  u i −  v i ) 2


   B n x y z


  ↔


  ∃ 𝜆 ∈ F : 0 ≤ 𝜆 ≤ 1 ∧ y − x = 𝜆  ( z − x )


   ​  n ​ ( F )   fulfills   all   axioms   if :


  n = 2


  = ( ℝ , + , ∙ , ≤ )  

