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Tarski’s Axioms 

Chapter 1 

 

betweenness and congruence 

𝐵𝑎𝑏𝑐 ↔  𝑏 𝑙𝑖𝑒𝑠 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑎 𝑎𝑛𝑑 𝑐 

𝑎𝑏 ≡ 𝑐𝑑 ↔ 𝑡ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑎 𝑎𝑛𝑑 𝑏 𝑖𝑠 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑐 𝑎𝑛𝑑 𝑑 

 

Axioms 

 

A1 

A2 

A3 

A4 

A5 

A6 

A7 

A8 

A9 

A10 

A11 

  

𝑎𝑏 ≡ 𝑏𝑎 

𝑎𝑏 ≡ 𝑝𝑞 ∧ 𝑎𝑏 ≡ 𝑟𝑠 → 𝑝𝑞 ≡ 𝑟𝑠 

𝑎𝑏 ≡ 𝑐𝑐 →  𝑎 = 𝑏 

∃𝑥(𝐵𝑞𝑎𝑥 ∧ 𝑎𝑥 ≡ 𝑏𝑐) 

𝑎 ≠ 𝑏 ∧ 𝐵𝑎𝑏𝑐 ∧ 𝐵𝑎′𝑏′𝑐′ ∧ 𝑎𝑏 ≡ 𝑎′𝑏′ ∧ 𝑏𝑐 ≡ 𝑏′𝑐′ ∧ 𝑎𝑑 ≡ 𝑎′𝑑′ ∧ 𝑏𝑑 ≡ 𝑏′𝑑′ → 𝑐𝑑 ≡ 𝑐′𝑑′ 

𝐵𝑎𝑏𝑎 → 𝑎 = 𝑏 

𝐵𝑎𝑝𝑐 ∧ 𝐵𝑏𝑞𝑐 → ∃𝑥(𝐵𝑝𝑥𝑏 ∧ 𝐵𝑞𝑥𝑎) 

∃𝑎∃𝑏∃𝑐(¬𝐵𝑎𝑏𝑐 ∧ ¬𝐵𝑏𝑐𝑎 ∧ ¬𝐵𝑐𝑎𝑏) 

𝑝 ≠ 𝑞 ∧ 𝑎𝑝 ≡ 𝑎𝑞 ∧ 𝑏𝑝 ≡ 𝑏𝑞 ∧ 𝑐𝑝 ≡ 𝑐𝑞 → 𝐵𝑎𝑏𝑐 ∨ 𝐵𝑏𝑐𝑎 ∨ 𝐵𝑐𝑎𝑏 

𝐵𝑎𝑑𝑡 ∧ 𝐵𝑏𝑑𝑐 ∧ 𝑎 ≠ 𝑏 → ∃𝑥∃𝑦(𝐵𝑎𝑏𝑥 ∧ 𝐵𝑎𝑐𝑦 ∧ 𝐵𝑥𝑡𝑦) 

∀𝑋∀𝑌{∃𝑎∀𝑥∀𝑦[𝑥 ∈ 𝑋 ∧ 𝑦 ∈ 𝑌 → 𝐵𝑎𝑥𝑦] → ∃𝑏∀𝑥∀𝑦[𝑥 ∈ 𝑋 ∧ 𝑦 ∈ 𝑌 → 𝐵𝑥𝑏𝑦]} 
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A4 A5 

A7 A9 

A10 
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(dreistellige/vierstellige) Relation 

(All-/Existenz-) Quantor 

(angeordneter) Körper 

Stetigkeit 

Kartesischer Raum 

(triadic/tetradic) relation 

(universal/existential) quantifier 

(ordered) field 

continuity 

cartesian space 
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Try to sketch Axiom A9 

𝑝 ≠ 𝑞 ∧ 𝑎𝑝 ≡ 𝑎𝑞 ∧ 𝑏𝑝 ≡ 𝑏𝑞 ∧ 𝑐𝑝 ≡ 𝑐𝑞 → 𝐵𝑎𝑏𝑐 ∨ 𝐵𝑏𝑐𝑎 ∨ 𝐵𝑐𝑎𝑏 



  B a b c   ↔   b   l i e s   b e t w e e n   a   a n d   c


  a b ≡ c d   ↔ t h e   d i s t a n c e   b e t w e e n   a   a n d   b   i s   e q u a l   t o   t h e   d i s t a n c e   b e t w e e n   c   a n d   d


  a b ≡ c d   ↔ t h e   d i s t a n c e   b e t w e e n   a   a n d   b   i s   e q u a l   t o   t h e   d i s t a n c e   b e t w e e n   c   a n d   d


  a b ≡ b a


  a b ≡ p q ∧ a b ≡ r s → p q ≡ r s


  a b ≡ c c


  →   a = b


  ∃ x  ( B q a x ∧ a x ≡ b c )


  a ≠ b ∧ B a b c ∧ B a ′ b ′ c ′ ∧ a b ≡ a ′ b ′ ∧ b c ≡ b ′ c ′ ∧ a d ≡ a ′ d ′ ∧ b d ≡ b ′ d ′ → c d ≡ c ′ d ′


  B a p c ∧ B b q c → ∃ x  ( B p x b ∧ B q x a )


  B a b a → a = b


  ∃ a ∃ b ∃ c  ( ¬ B a b c ∧ ¬ B b c a ∧ ¬ B c a b )


  p ≠ q ∧ a p ≡ a q ∧ b p ≡ b q ∧ c p ≡ c q → B a b c ∨ B b c a ∨ B c a b


  B a d t ∧ B b d c ∧ a ≠ b → ∃ x ∃ y  ( B a b x ∧ B a c y ∧ B x t y )


  ∀ X ∀ Y { ∃ a ∀ x ∀ y  [ x ∈ X ∧ y ∈ Y → B a x y ] → ∃ b ∀ x ∀ y  [ x ∈ X ∧ y ∈ Y → B x b y ]


  p ≠ q ∧ a p ≡ a q ∧ b p ≡ b q ∧ c p ≡ c q → B a b c ∨ B b c a ∨ B c a b

