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of Z, on X by rotating the cube about an axis which passes through the centres

of two opposite faces. Formally, if r is the permutation of X induced by the

rotation shown in Figure 17.1, then we define ¢: Z, — Sy by ¢(m) = r™. There

are three distinct orbits; the top four edges, the bottom four edges, and the A l, L k
four vertical edges. The stabilizer of every edge is the trivial subgroup {0} of Cm $ ro w "} ‘ : ad

Z4-

ExAMPLE (iii). Let X be the set of edges of a cube. We can produce an action
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’l 0 Ch o~ lr- ("L e V\UM“’l’ﬂt’ Emily’s Problem. We must take an element from each conjugacy class of the
o S~ rotational symmetry group of the cube and work out how many coloured

cubes it leaves fixed. As representatives of the conjugacy classes we choose

0{ (&7, l.() wr L/J“ cu L "‘/ the rotations r, r?, s, and ¢ shown in Figure 18.2, together with the identity
element. A coloured cube which is left fixed by » must have all four vertical
faces painted the same colour because r rotates each of these to the position

Cowuv t’ 6: ; C ; l— l’Lc LW L e - of its right-hand neighbour. We have a choice of two colours for the top, two
for the bottom, and two for all the rest; therefore | X”| = 22. The effect of s

]1 (. on the faces of the cube can be summarised by

Q'F (o lOul"wL C-ML es
top — right-hand side — back — top

Al F (‘X ¢ ‘( L 7 3 y, bottom — left-hand side — front — bottom

giving | X*| = 22. We leave r? and 1 to the reader, r? fixes 2* coloured cubes

F o\ - “ C- [ and ¢ fixes 23. Of course the identity fixes all 2°. The conjugacy classes of r,
? y . r2, s, t contain six, three, eight, and six elements respectively. Therefore, the
number of genuinely different coloured cubes which can be obtained by

painting each face either red or green is

A/c)l"- rLV‘(— ,_‘l— (% Ff(-(_CI {6 x 23) + (3 x 2%) + (8 x 2%) + (6 x 23) + 2}

=4{6+6+4+6+ 8}
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Two children, Jerome and Emily, each have a supply of cubes, a pot of red
paint, and a pot of green paint. Emily decides to decorate her cubes by
painting each face either red or green. Jerome plans to bisect each face with
either a red or green stripe as in Figure 18.1 so that no two of his stripes meet.
Who produces the largest number of differently decorated cubes?
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Figure 18.2
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